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1 Introduction 



Recently Gasser has outlined the contemporary experimental and theoretical status of 
kaonic atoms in low-energy QCD £Q and resumed that the experimental data on the 
energy level displacement of the ground state of kaonic hydrogen 

-n(exp) 

- e£ xp) + i = (-194 ± 41) + i (125 ± 59) eV, (1.1) 

obtained by the DEAR Collaboration 2\, have been understood theoretically within the 
Effective Field Theory (the EFT) approaches [3J E] (see also 0). Nevertheless, as has 
been pointed by Gasser P, only more precise experimental data can testify whether 
the contemporary theoretic approaches are able to describe the complicated situation 
properly 1 . 

The theoretical value for the energy level displacement of the ground state of kaonic 
hydrogen, calculated in |3J E] , is equal to 

r (o) 

- ef] + i "-f = 2 aY f R - p (0) = 421 [Tie /*"*(0) + i Zm f K ~ P (0)] = 

= (-203±15)+i(113±14)eV, (1.2) 

where 2a 3 /z 2 = 421eV/fm with \x = mKTn p /(mK + w p ) = 324 MeV is the reduced mass 
of the K~p pair, computed for m>K = 494 MeV and m p = itln = 940 MeV, and a = 
1/137.036 is the fine-structure constant, then Jq p (0) equal 

f*~ p (0) = Tlef*~ p (0) + ilmf*~ p (0) = (- 0.482 ± 0.034) + i (0.269 ± 0.032) fm (1.3) 

is the S-wave amplitude of K~p scattering at threshold |3|. 

The result Eq. fll.2j) has been obtained within a quantum field theoretic and relativistic 
covariant model of strong low-energy .^iV interactions near threshold of K~p scattering. 
This is an Effective Field Theory approach, formulated in terms of Effective Chiral La- 
grangians with a relativistic covariant quantization of quantum fields. 

The S-wave amplitude of K~p scattering at threshold is computed to leading order 
in chiral expansions of Chiral Perturbation Theory (ChPT) by Gasser and Leutwyler 
(or to leading order Effective Chiral Lagrangians [7j (see also |E|))- 

The imaginary part Xm p (0) of the S-wave amplitude of K~p scattering at thresh- 
old is defined by inelastic channels K~p — > £~7r + , K~p — > £ + 7r~, K~p — > £°7r° and 
K~p — ► A°7r°, which are saturated by the contributions of strange resonances A(1405), 
A(1800) and £(1750) 0: 

Imf K - p (0)=lmf K - p (0) R . (1.4) 

In Gell-Mann's SU(3) classification of hadrons, the A(1405)-resonance is an 577(3) sin- 
glet, whereas the resonances A(1800) and E(1750) are components of an SU(3) octet 

m- 

: We cite Gasser £Q: "Conclusions: 3. The ground state of kaonic hydrogen has been investigated 
in a beautiful experiment at DEAR! 7 ! . Data are available, the S-states of the atom are theoretically 
understood' 18 ' 17 ! . 4. On the other hand, the theory of Kp scattering leaves many questions open. More 
precise data will reveal whether present techniques are able to describe the complicated situation prop- 
erly." References [17] and [18] are Refs.[3] and 0] of this paper. 
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This allows to describe the experimental data on the cross sections for inelastic reac- 
tions K~p — ► Ytt, where Y-k = £~7r + , £ + 7r~, £ 7t° and A°7r°, at threshold of the K~p 
pair pm E] 

7 = = 2.360 ± 0.040, 

a(K p — > L+7T ) 



C^-fT p — > £ 7T + ) + 0"(if p — > £ + 7T 



(7(AT-p -> S-7T+) + O-(if-J) -> S+7T-) + -> £ 7T°) + Cr(if-J) -> A°7T ) 

0.664 ±0.011, 



<r(#-p -> A°7T . . 

Rn = -^t? hnw 77^ -TT-r- = 0.189 ± 0.015 1.5 

a(K~p -> £%°) + tr(if-p -> A°7T ) v ; 

with an accuracy of about 6 % [3]. According to Kaiser, Siegel and Weise [T2j, any quan- 
tum field theoretic model of low-energy KN interactions near threshold should reproduce 
the experimental data Eq. (jl.5|) . As a consequence of the experimental data Eq. (jl.5j) . we 
obtain also that the A(1800)-resonance decouples from the K~p system at low energies 

Due to the optical theorem the imaginary part Im/ p (0) of the S-wave amplitude 
of K~p scattering can be defined in terms of the parameters 7 and R c . We get [3]: 

lmf?- p (0) = |/(^^S-7r + )| 2 fc s -^ + |/(K-p^S + 7r-)| 2 A; E+7r - 
+ \f{K~p - £ 7r°)| 2 Aw + \f(K~p - AV)| 2 W = 

= 4" f 1 + -) \ f(K-p^Z-n + )\ 2 kj;- n+ = (0.269 ±0.032) fm, (1.6) 
R c V 7/ 

where ky-w is a relative momentum of the Ytt system at threshold of the K~p pair. 

The S-wave amplitude f(K~~p — > £~7r + ) of the inelastic reaction K~p — > £~7r + is 
equal to f(K~p — ► £~7r + ) = (0.379 ± 0.023) fm 0. It is computed with an accuracy 
of about 6 %. The main contribution to f(K~p — > £~7r + ) comes from the A(1405)- 
resonance. The contribution of the £(1750)-resonance makes up about 2.7% [3 . This 
agrees well with a well-known assertion that the A(1405)-resonance dominates in low- 
energy interactions of the K~p pair in the S-wave state |12j . 

The real part Tie f p (0) of the S-wave amplitude of K~p scattering at threshold, i.e. 
the S-wave scattering length of K~p scattering, 

TZef K - p (0) =nef K - p (0) R + nef K - p (0), (1.7) 

is defined by (i) the contribution of the strange baryon resonances A(1405) and £(1750) 
in the s-channel of low-energy elastic K~p scattering, (ii) the contribution of the exotic 
four-quark (or KK molecules) scalar states ao(980) and /o(980) in the t-channel of low- 
energy elastic K~p scattering and (iii) the contribution of low-energy interactions of 
hadrons with non-exotic quark structures, i.e. qq for mesons and qqq for baryons j^j. 

We would like to notice that with an accuracy 6 % the contribution of the strange 
resonances A(1405) and £(1750), which we denote as Tie f p (0)#, explains 32% of the 
mean value Tie p (0) = (—0.482 ± 0.034) fm of the S-wave scattering length of K~p 
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scattering. It is equal to j3j: 



Kef o K - p (0) R 




87r m K Lm A( i405) -m K - m N 9 m s o {1750 ) - m K - m N 
(-0.154 ± 0.009) fm, 



(1.8) 



where the coupling constants g% = 0.097 and g2 = 1.123 have been calculated in [3]. The 
contribution of the £(1750)-resonance makes up only 5.5 %. This corroborates again the 
dominance of the A(1405)-resonance in low-energy interactions of the K~p pair in the 
S-wave state [T2] . 

The contribution of the exotic scalar mesons a (980) and / (980) and non-exotic 
hadrons, calculated to leading order in chiral expansion, is equal to 



where the first term is defined by strong low-energy interactions of non-exotic hadrons, 
whereas the second one is caused by the exotic scalar mesons a (980) and / (980) coupled 
to the i^~-meson and the proton. 

The parameter £ is a low-energy constant (LEC), defining low-energy SNN interac- 
tions, where S = a (980) and / (980). 

Using the hypothesis of the quark-hadron duality, formulated by Shifman, Veinshtein 
and Zakharov within non-perturbative QCD and the Effective quark model with 
chiral U(3) x Z7(3) symmetry jH], we have calculated the parameter £[3]: £ = 1.2 ±0.1. 

The validity of the application of the Effective quark model with chiral U(3) x U (3) 
symmetry to the quantitative analysis of strong low-energy KN interactions at threshold 
has been corroborated by example of the calculation of the S-wave scattering length 
of elastic K~n scattering in j3] in connection with the calculation of the energy level 
displacement of the ground state of kaonic deuterium. 

For the description of the contributions of the strange resonances A(1405) and £(1750) 
and the exotic scalar mesons a (980) and /o(980) we have used Effective Chiral La- 
grangians with A(1405), £(1750), a (980) and / (980) treated as elementary particles, 
represented by local interpolating fields. Such a description of resonances and exotic 
mesons does not contradict to ChPT by Gasser and Leutwyler jS] and power counting. 

Indeed, as has been shown by Ecker et al. |14j . the exotic scalar mesons ao(980) and 
/o(980) can be described in ChPT as elementary particle fields. The resonances A(1405) 
and £(1750) as well as the A(1232) can be also treated in ChPT as elementary particle 
fields (baryon matter fields) without contradiction to power counting [T3] . As has been 
pointed out by Brown, Rho et al. in jjj, the inclusion of the resonance A(1405) as well 
as the resonance £(1750) as elementary particle fields (baryon matter fields) allows to 
compute the amplitudes of KN scattering at threshold to leading order Effective Chiral 
Lagrangians. 

Recently, Ericson and Ivanov ^H] have shown that the treatment of the A (1232)- 
resonance as an elementary particle field gives a possibility to compute the ChPT param- 
eter fx, describing in ChPT isospin breaking phenomena in irN scattering at threshold. 
As has been shown in [H)]; the contribution of the A(1232)-resonance is necessary to 
saturate the value of fx in agreement with estimates obtained from different experimental 



nefo' p (0) = 0.398 - 0.614 f fm, 



(1.9) 
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data and quark model approaches [T7] 2 . 

The energy level shift and width (e^,T^) of the ground state of kaonic hydrogen 
Eq. (jl.2|) have been calculated in OE] at neglect of corrections induced by isospin-breaking 
interactions. 

A systematic analysis of corrections to the energy level displacement of the ground 
state of kaonic hydrogen, caused by the isospin-breaking interactions, has been recently 
carried out by MeiBner, Raha and Rusetsky [I] within the non-relativistic effective La- 
grangian approach based on ChPT by Gasser and Leutwyler The results are presented 
in terms of the S-wave scattering lengths Oq = (0°, aj) of KN scattering with isospin 1 = 
and 1 = 1, the mass difference (m^ — m u ) of current quark masses of the u and d quarks, 
which is a quantity of order (m<i — m u ) = 0(a) [I], and the fine-structure constant a. 

The paper is organized as follows. In Section 2 we outline a hypothesis on the 
dominant role of the K°n-cusp for the S-wave amplitude of K~p scattering at thresh- 
old proposed by Dalitz and Tuan in 1960 1201 an d reproduced by MeiBner et al. 
within the non-relativistic effective Lagrangian approach based on ChPT by Gasser 
and Leutwyler jlj. In Section 3 we calculate the dispersive corrections to the energy 
level displacement of the ground state of kaonic hydrogen, caused by the contribution 
of the transition K~p — > K°n — > K~p with the K°n pair on-mass shell. We get 
8%% p = (5s isp ,5° isp ) = ((4.8 ± 0.4) %, (8.0 ± 1.0%)). We would like to emphasize that 
such dispersive corrections from the K°n pair on-mass shell can exist only as corrections 
to the energy level displacement of the ground state of kaonic hydrogen but not to the 
S-wave amplitude of K~p scattering at threshold. Therefore, these corrections could not 
be calculated by MeiBner et al., who analysed the S-wave amplitude of K~p scattering 
at threshold jlj. In Section 4 we calculate the corrections to the energy level displace- 
ment of the ground state of kaonic hydrogen, induced by isospin-breaking interactions. 
We get 5^ L B = (^ 5B ,<5^ B ) = (0.04%, - 0.04 %). These corrections can be attributed to 
5T KN = 0(a), introduced by MeiBner et al. |3]. Their values corroborate the smallness 
of ST KN = 0(a) that agrees well with the assertion by MeiBner et al. jlj. In Section 
5 we show how the hypothesis on the K°n-cusp dominance for the S-wave scattering 
amplitude of low-energy K~p scattering near threshold can be realized in our approach. 
The result agrees fully with MeiBner et al. |4; . In the Conclusion we discuss the obtained 
results. In Appendix we adduce the analytical calculation of the momentum integrals 
in Eq. (J3.7|) . defining the contribution of the intermediate K°n pair on-mass shell to the 
energy level displacement of the ground state of kaonic hydrogen. 

2 On K~p scattering in S— wave state and K°n— cusp 
enhancement 

For the numerical estimate of the energy level displacement of the ground state of kaonic 
hydrogen MeiBner et al. have proposed no theoretical model for the calculation of the S- 
wave scattering lengths a° and of K~N scattering. Therefore, we estimate the energy 
level displacement of the ground state of kaonic hydrogen, obtained by MeiBner et al. j3], 

2 We refer also on JHj> where the constant ft, computed within the quark model JJj; nas been used 
for the numerical estimates in ChPT. 
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using the S-wave scattering lengths a° and aj, computed in our model [HUE]: 

a° = (- 1.221 ± 0.072) +i (0.537 ± 0.064) fm, 

al = (+ 0.258 ± 0.024) +i (0.001 ±0.000) fm. (2.1) 

For rrid = m u and the S-wave scattering lengths Eq. (|2.1j) the numerical value of the energy 
level displacement of the ground state of kaonic hydrogen, obtained by Meifiner et al. jlj, 
is equal to 

r (th) 

- 41 + * ~Y~ = (-266 ± 23) + i (177 ± 21) eV. (2.2) 

This agrees with both our theoretical result (jl.2j) and the experimental data (jl.lj) by 
the DEAR Collaboration within 1.5 standard deviations for the shift and one standard 
deviation for the width. However, it does not contradict also the experimental data by 
the KEK Collaboration [21]: 

p(exp) 

- e£ xp) + % = (-323 ± 64) + % (204 ± 115) eV. (2.3) 

Of course, one can try to solve an inverse problem. Indeed, using the experimental data 
by the DEAR Collaboration Ea. (lL~T|) or the KEK Collaboration Ea. (l2~T?|) and theoret- 
ical formula for the energy level displacement of the ground state of kaonic hydrogen 
in terms of a{] and a\ (see Eq. (l2.4|l ) to determine the S-wave scattering lengths Oq and 
a\. Unfortunately, a solution of this problem is rather ambiguous, since one needs to 
define four parameters (Tie ajj,lm a{], Tie aJ,Xm aj) in terms of two experimental values 

/ (exp) r (exp)x 

l fc ls 5 1 IS I' 

The main part of the S-wave amplitude of K~p scattering at threshold is obtained in 
0] at the assumption of the dominant role of the ^°n-cusp, induced by the intermediate 
K°n state below threshold of K~p scattering, i.e. the dominant role of the channel K~p — > 
K°n — > K~p. The hypothesis on the dominant role of the channel K~p —>■ K°n —>■ K~p 
for the S-wave amplitude of K~p scattering near threshold has a long history. It has been 
proposed by Dalitz and Tuan in 1960 (TH] (see also [20]) and discussed by Deloff and Law 

According to Dalitz and Tuan [1011201 the S-wave amplitude f p (0) of K~p scattering 
at threshold, calculated within the ii'-matrix approach in the zero-range approximation, 
is defined by 



\ 

qo 



where go = \J^^( m K° ~ m K- + m n ~ m p) — 58.4 MeV = 0(y/a) is a relative momentum 
of the K°n pair below threshold of K~p scattering, calculated for m^—ra K - = 3.97 MeV 
and m n — m p = 1.29 MeV 0, a[] and are complex S-wave scattering lengths of KN 
scattering with isospin 1 = and 1=1. 
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The S-wave amplitude Eq. (|2.4|) has been reproduced by MeiBner et al. within the 
non-relativistic effective Lagrangian approach based on ChPT by Gasser and Leutwyler 
(see Eq.(17) of Ref.jU). 

The energy level displacement of the ground state of kaonic hydrogen is equal to 
fo~ p {0), given by Eq.j23), multiplied by 2a 3 /! 2 = 421eV/fm (see Eq. lQjl ). 

For the analysis of the contribution of the A°n-cusp it is convenient to transcribe the 
S-wave amplitude Eq. (j2.4|) into the form: 

fo _P (0) = + fT P (0)cus P , (2.5) 

where a$ p = {a^ + a\)/2 is the S-wave scattering length of K~p scattering in the limit of 
isospin invariance, i.e. at go = 0, and / p (0) cusp is defined by the A^n-cusp for g 7^ 0: 

c K ~P((\\ ( a o~ a o\ 2 1o 



fo P (0) 



cusp 



1 + ^ ag + a^ 



= (- 0.149 ± 0.042) + i (0.151 ±0.037) fm. (2.6) 

The S-wave amplitude f p (0) cusp has a distinct form of the contribution of the inelastic 
channel K~p — > K°n with the final-state K°n interaction, calculated in the zero-range 
approximation. The momentum go in the numerator of Eg. (j2.fi)) is caused by the phase 
volume of the A°n pair in the S-wave state. The numerical value of / p (0) cusp is 
calculated for the S-wave scattering lengths Eq. fj2.lj) . It is seen that the corrections 
to the energy level displacement of the ground state of kaonic hydrogen, caused by the 
A°n-cusp, make up about 24% and 36% of the mean values of the energy level shift and 
width given by Eq. (j2.2j) . respectively. Such an enhancement of the K~p interaction in 
the S-wave state at threshold agrees with experimental data by the DEAR Collaboration 
within 1.5 standard deviations for the shift and one standard deviation for the width. 
There is no also contradiction to the experimental data by the KEK Collaboration within 
the experimental error bars. 

Hence, the improvement of the precision of the measurements of the energy level 
displacement of the ground state of kaonic hydrogen by the DEAR Collaboration and the 
KEK Collaboration should be important for the confirmation of the hypothesis on the 
A°n-cusp enhancement PQ. 

In Section 5 we show how the hypothesis on the dominant role of the A°n-cusp for the 
S-wave scattering amplitude of low-energy K~p scattering near threshold can be realized 
in our approach. This testifies that our approach agrees fully with that by Meifiner et al. 
0j. However, in this paper we do not follow the hypothesis on the dominant role of the 
A°n-cusp in the K~p interaction at threshold. 

Since the assumption of the dominant role of the A°n-cusp for the S-wave amplitude 
of K~p scattering near threshold is a dynamical hypothesis which should be confirmed or 
rejected by experiments P, the theoretical analysis of this hypothesis goes beyond scope 
of this paper. 

In this paper we focus our analysis on the confirmation of the assertion by MeiBner et 
al. that ". . this piece of information 3 should be still supplemented by the arguments in 

3 The -RT°n-cusp contribution to the S-wave amplitude of K~p scattering at threshold (see 0]). 
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favour of the conjecture that the remaining corrections are small, i.e. ST^n — 0(a), as 
done in the present paper 4 ." 

We calculate the isospin-breaking corrections which can be attributed to ST^n — 
0(a) (see jl]), and compare our results with those obtained by Meifiner et al. [4j. In 
addition we compute the dispersive corrections to the energy level displacement of the 
ground state of kaonic hydrogen, induced by the intermediate K°n state in the transition 
K~p — > K°n — > K~p with the K°n pair on-mass shell. Such corrections have been taken 
into account neither in our papers [3J |3] nor in jl] . 



3 Energy level displacement induced by the reaction 
K~p — > K°n — > K~p with the K°n pair on— mass shell 

According to |3] , the energy level displacement of the ground state of kaonic hydrogen is 
defined by the S-wave amplitude of K~p scattering as follows 



Tis 1 1 \ ^ f d 3 k f d 3 q j m K m p j m K m p 

9 2-^ 



tlS + i 2 4m K m p 2^ i/2 J (2tt) 3 J (2tt) 3 y E K (k)E p (k) V E K (q)E p (q) 

x ®\ s (k)M(K-(q)p(-q,a p ) -+K-(k)p{-k,<T p ))$ u {q), (3.1) 

where M(K~(q)p(—q,a p ) — > K~(k)p(—k,a p )) is the S-wave amplitude of K~p scatter- 
ing, $>\ s (k) and $>u(q) are the wave functions of the ground state of kaonic hydrogen 
in the momentum representation normalized to unity: $i s (p) = Q^fiw^/ (1 + p 2 a B ) 2 ; 
a B = l/a/i = 83.6 fm is the Bohr radius. 

By derivation of Eq. (j3.1|) [3], M(K~ (q)p(—q,a p ) — > K~(k)p(—k,a p )) is an exact S- 
wave amplitude of K~p scattering. It is defined also to arbitrary order in the fine-structure 
constant expansion. 

Due to the wave functions <&\ s (k) and $i s (<f) the main contributions to the integrals 
over k and q come from the regions of 3-momenta k ~ l/a B and q ~ l/a B , where 
1/as = 2.4 MeV. Since the integrand is concentrated around the momenta, which are 
much less than masses of coupled particles m K 3> l/a B and m N ^> l/a B , the S-wave 
amplitude of K~p scattering can be defined in the low-energy limit. The reduction of 
Eq. (|3.1|) to the form of the well-known DGBTT (Deser-Goldberger-Baumann-Thirring- 
Trueman) formula (22] has been discussed in 

The contribution of the intermediate K°n state to the energy level displacement of 
the ground state of kaonic hydrogen with the K°n pair on-mass shell can be defined as 

0121123 



2 



1 f d 3 k f d 3 q / m K m p j m K m p t r 



8m K m p J (2tt) 3 J (2tt) 3 ]l E K (k)E p (k) V E K (q)E p (q) 



x 



5 E E 

ct p =±1/2o 

see Ref.g]. 



d 3 Q 



2 ^„ ^/J (27r)32E R0 (Q)2E n (Q) E Ro (Q) + E n (Q) - E K (k) - E p (k) - iO 

T — ±1/2 a n =±l/2 
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K~ K° K- K° K~ ftO ftO 





P n p n p n n 




Figure 1: Feynman diagrams of the amplitude of the reaction K p — > K°n taking into 
account the final-state K°n interaction. 

xM(K~(q)p(-q,a p ) - K°(Q)n(-Q,a n ))M(K°(Q)n(-Q,a n ) - K-(k)p(-k,a p )) 

d 3 k f d 3 q I m K m„ / m K m p t 

: $L(*0 $ M?) 



x 



8m K m p J (2tt) 3 J (2vr) 3 V E K (k)E p (k) \ E K (q)E p (q 



5 E E 



d 3 Q 1 



2 (2ir) 3 2E R0 (Q)2E n (Q) E R0 (Q) + E n (Q) - E K (q) - E p (q) - iO 



xM(K-(q)p(-q, a p ) - K°(Q )n(-Q, a n ))M(K°(Q )n(-Q, cr n ) - K~(k)p(-k, a p )), 

(3.2) 

where M(K~ (q)p(—q, a p ) — > K°(Q )n(— Q, a n )) is the S-wave amplitude of the inelastic 
reaction — > To the imaginary part of the S-wave amplitude of scattering 

the inelastic channel K~p — > K°n gives a contribution for relative momenta of the K~p 
pair exceeding q = 0(y/a). Hence, the region of the integration over k and q is restricted 
from below by \k |, \q\ > go- 
In the non-relativistic limit Eq. ()3.2|) reads 

~ 5eis ~ ^Jj^rL Qt + ti-V-iO J qo dqq fK°n(Q)*n( q ) 

1 f d3 Q fjLLJ* n^<* ,^ f°° dqq 2 fK°n(Q) *i,(g) 

Q 2 + g 2 -g 2 -20 ' 

(3.3) 



where fK°n(Q) * s ^ ne S-wave amplitude of the reaction f^~£> — ► near threshold of the 
K°n pair with the final-state K°n interaction [3] , defined by Feynman diagrams depicted 
in Fig.l. It is equal to 

f K ° n (Q) = ; h o. • ( 3 - 4 ) 



The S-wave amplitude fR°n{Q) is taken in the zero-range approximation. The contribu- 
tion of the finite effective range r^ N of low-energy KN scattering we discuss in the end 
of this Section. 
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Substituting Eq. (|3.4|) into Eq. (|3.3|) we obtain 
5T R0 n 



dc ls + % ■ 



2 



'/o 



dkk'$ l8 (k) / dgg 2< M<z) 



a o + a o N 2 



1 



lQ 2 + q 2 -k 2 -iO 



+ - q 2 - i 



(3.5) 



The integral over Q, calculated for k > q and g > g , reads 

dQQ 2 r 1 I 



1 + 



a o + a o x 2 



+ 



7T 

! 2 



Q 2 + g 2 -A; 2 -z0 Q 2 + g 2 -g 2 -z0 



1 + 



2 + 

) (k 2 -q 2 ) 



71 



a° + al 



I + {<±^) 2 { k 2 - q 2 ) i+(^)V-% 2 ) 



1 + 

+ 



(? 2 - % 2 ) 



a o + a o x 2 



(3.6) 



The corrections 5e^° n and oTf s " n are defined by 



JC°r. 



27T /Oq + Oq 

H 



a\ — Qq \ 2 1 



4vr 4 



d& dg A; 2 $ is (A;) g 2 $ ls (g) 



<?0 > / <30 



1 + 



^0 ^0 ^ ^ 



) (? 2 -% 2 ) 



(Qq - go ) 

87T 3 Ai 



0\2 roo poo 




dkdq k 2 $ ls (k) q 2 ^ q 2 - g 2 $i s (g) 



<?o J qo 



1 + 



(3.7) 



(? 2 - % 2 ) 



The r.h.s. of Eq. (j3.7j) should be computed to leading order in g -expansion, extracting 
from the energy level shift a contribution independent on go- Indeed, such a contribution 
has been already taken into account in The momentum integrals are calculated in 
Appendix. Keeping only the leading order contributions in the go-expansion we get 



gDisp 



^ = l(a -a°) 2 g 2 = (4.8±0.4) 



5T{ 



Is 

K°n 
s 



aA - a 



0\2 



T { S 2tt i mf K-P(p)a B 



hi 



2a B 



I ^0 ^0 I 



5.0 ±1.0)%, 



(3.f 



where Xm/o^ p (0) = (0.269±0.032) fm We have also taken into account the theoretical 
uncertainty of the calculation of the shift of the energy level of the ground state of kaonic 
hydrogen, which is equal to ± 7 % |3j • 

The parameter 2/|ag + aj| = (409 ± 29) MeV, appearing in the argument of the log- 
arithm £n(2a,B/\aQ ± «ol) m Eq. (|3.8J) . has a meaning of a natural cut-off, introduced by 
the final-state K°n interaction. 

The dispersive corrections Eq. (j3.8J) are caused by the transition K~p — > K°n — > K~p 
with the K°n pair on-mass shell. Hence, these corrections are only to the energy level 
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displacement of the ground state of kaonic hydrogen but not to the S-wave amplitude 
of low-energy K~p scattering at threshold. That is why these corrections could not be 
calculated by MeiBner et al. [I], who analysed the isospin-breaking corrections to the 
S-wave amplitude of K~p scattering at threshold. 

Now let us discuss the contribution of the finite effective range of low-energy KN 
scattering. The S-wave amplitude fR°n{Q) m the finite effective-range approximation 
takes the form [2HJ W\ 

fROn(Q) = — — ; 71—, — (T TT~ i — ol ' ( 3 ' 9 ) 



where r kN is the effective range of low-energy KN scattering. Unfortunately, there are no 
experimental data on the value of the effective range trn |2E]- However, without loss of 
generality one can assume that r kN , defined by strong low-energy interactions, is smaller 
compared with the S-wave scattering length, i.e. r^ N <C 2/|a° + aJ|. In this case due to a 
fast convergence of the integral over Q (see Eq. ([3.6)1 ) one can keep only the leading terms 
in the effective range expansion. This leads to the replacement (a^ + al) — > (aQ + al + r^o) 
in the integrand of Eq. ()3.6|) . 

The correction to the energy level width S^ sp , amended by the contribution of the 
finite value of the effective range r kN , is equal now 



,0\2 



fiDisp _ _j_ l u a 0) g n 



^Zmf«- p (0)a B 



4a 



L(a° + al + r kN ) 2 



1 [ak — a 



1 ^0\2 



^Imf?- p (0)a B 



in 



4a 



o , n l\2 



K + a, 



+ Af M u\- (3-10) 

I ^0 ^0 1 



Thus, the contribution of the finite effective range of low-energy KN scattering increases 
the value of the correction to the energy level width. However, due to the inequality 
t kn ^ 2/l°o + a ol ^ ne contribution of the finite effective range is smaller compared with 
the mean value (8.1 ± 1.0) %, calculated in the zero-effective range approximation. 

For a finite effective range r kN -C 2/|oq + aj| the correction to the energy level shift 
acquires a factor (1 + 2r^- Ar /( a o + a o))- This can change slightly the value of S s zsp 
relative to that, obtained in the zero-range approximation. 



4 Energy level displacement induced by the QCD 
isospin-breaking interaction 

It is well-known that the contribution of the reaction ir~p — ► wy, kinematically allowed 
at threshold of the ir~p pair, to the width of the energy level of the ground state of pionic 
hydrogen makes up about 40% [2E]- I n turn, the contribution of this reaction to the 
energy level shift reduces to a level of a few percents [TB] . 

For kaonic hydrogen in the ground state there are two electromagnetic reactions 
K~p — > A°7 and K~p — > E°7 allowed kinematically at threshold of the K~p pair in 
the S-wave state. As has been shown in [3], the contribution of these reactions to the 
width of the energy level of the ground state of kaonic hydrogen makes up about 1 %. 
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The correction to the energy level shift is much less than 1 % [16 . Therefore, in this 
Section we analyse the isospin-breaking corrections to the energy level displacement of 
the ground state of kaonic hydrogen induced by the QCD isospin-breaking interaction. 
Following MeiBner et al. jl] we take into account isospin-breaking corrections of order 
0(rrid — m u ) ~ 0(a) only. 

According to Gasser and Leutwyler [23 EDj- the Lagrangian of the QCD isospin- 
breaking interaction is equal to 

£ QCD 0*0 = o ( md ~ m ^ _ d(x)d(x)}, (4.1) 

where the current quark masses m u = 4 MeV and = 7 MeV are defined at the scale of 
the spontaneous breaking of chiral symmetry A x ~ 1 GeV • 

In our model of strong low-energy KN interactions near threshold [3 E] the main 
contributions of the QCD isospin-breaking interaction to the energy level displacement 
of the ground state of kaonic hydrogen are defined by (i) the inelastic channels K~p — > 
A(1405) -> A°(r7(550) -> tt°) and K~p -> A(1405) -> (E° -> A )tt to Xm/ x " p (0) (see 
Eq. ()1.6jl ) in terms of the amplitudes of the isospin-breaking transitions 77(550) — > 7r° and 
S° <h> A , and (ii) the elastic channel K~p -> A(1405) -> -> A(1405) -> 

with the X rz pair off-mass shell 5 to 7Je/ K P (0) R (see Eq. ()1.8p ) in terms of the mass 
differences m^o — and m n — m p . 

The effective low-energy interactions of the A(1405)-resonance, which we denote below 
as A°, with the E°7r°, K~p, K°n, and A°77 pairs are defined by [3]: 

£a°bp(x) = giAi(x) (S°(x)7r°(x) - p(x)K'(x) + n(x)K°(x) + -A°(z)^(x)) + . . . , (4.2) 

where g± = 0.907. The coupling constant g\ = 0.907 has been calculated in |3 j using the 
experimental data on the mass and width of the A(1405)-resonance jH]. 

4.1 Imaginary part of the S— wave amplitude of K~p scattering 
at threshold 

The S-wave amplitudes f(K~p — > E°7r°) and f(K~p — > A°7r°) in Eq. ()1.6|) . corrected by 
the contributions of the QCD isospin-breaking interaction Eq. (j4.1|) . are equal to 



f(K~p - EV) = — 



An rriK V m N 



9i 



m A o — — uin 



, 2 ft 2 1 ( (A°|[^(0)-rf(0)rf(0)]|S°) 

3a/3 m s o - m K - m N 2 d m E o - m A o 



47T y rriM 



g\ I (md _ mn) (A%(0)«(0)-d(0)d(0)]|E°) 



m A o — mj{ — mjy 2 " m^o — m A o 

i— 1 (m< _ „g MW) - y 0)l|O - _ ,4.3) 

3 m A o — — 2 — m£ 



5 The contribution of the intermediate K°n state with the K°n with the K°n pair on-mass shell we 
have taken into account in Section 2. 
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where m 2 o = 1750 MeV is the mass of the E(1750) resonance and g% = 1.123 The 
coupling constant g 2 = 1.123 has been calculated in [3] using the experimental data on 
the width and mass of the £(1750) -resonance [§]. 

The isospin-breaking correction to the imaginary part of the S-wave amplitude of 
K~p scattering at threshold is 

ISB 5 ISB lmf«- p (0) 4 g\ m A o - m K - m N \f{K'p - £ 7r )| 2 A^o 

Oh 



1m fo' p (0) SV3 g\ m s o -m K -m N j m f* P( ) 

1 , (e |[^(omo)-J(oko)]|a°) ^ ^r m ^-^ 

x ~~ "^m J r O V O — r 

2 m^o — fflAO (?2 m A° ~ ~ m N 

\f(K-p^A°n°)\ 2 k AOn o 1 r <E°|[u(0)u(0) -d(0)d(0)]|A°> 

X Im/ ^(0) 2^-^ 

+ 1 (^[[^(O)-^)^)]!^) 

3 m 2 , — m 2 



(4.4) 



where k-£o n o = 183 MeV and k^o^o = 256 MeV are the relative momenta of the E°7r° and 
A°7T pairs at threshold of the initial K~p state. 

The effective Lagrangian of the transitions S° < — > A and 7/(550) < — > 7r°, induced by 
the QCD isospin-breaking interaction Eq. (J4.1)) . can be written as (HHI 

CH B (x) = ^ 5B (m E o-m A «)(S (x)A (a;)+A (x)S (a;)) 

+ 6™ B (m 2 v -ml )r)(x)ir (x), (4.5) 

where 6 B SB and 9j$ B are mixing angles defined by 

QlSB = 1 (s°|[ M (0M0)-d(0K0)]|A ) ; 

B 2 U mgo — 77T.AO 

= 1 MggmzMM , (4.6) 

2 m^—m^ 

Following Gasser and Leutwyler [SO], we set #£ 5B = O 1 ^ 3 = 9 ISB : 



QlSB = I (S°|[n(0M0)-d(0K0)]|A°) _ 

2 " m^o — toao 

= i (,,|Womo)-J(omo)]|,°) 

2 — m 2 

Assuming that the ?7(550)-meson is the eighth component of the pseudoscalar octet "f"] 
(see also [""]), the matrix element (77 1 [u(0)u(0) — d(0)<i(0)]|7r ), calculated to leading order 
in chiral expansion of ChPT [B| and Current Algebra f3*T[ 13*2] , is equal to 

fo|[u(0)u(0) - J(0)d(0)]|7r°) = - ± -L (fl(0)«(0)>, (4.8) 

where (tt(O)tt(O)) = (d(O)d(O)) = — (255) 3 MeV 3 is the quark condensate, calculated at 
A x = 940 MeV 0, and = 92.4 MeV, the PCAC constant 0. 
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Substituting Eq.flOJ) into Eq.(g7J) we get 

e :sB = _ 1 K - (iZ(0) M (0)> = Q ^ 

This result agrees well with that obtained by Gasser and Leutwyler within ChPT |3D] 
(see Eq.(8.3) of Ref.jHOl): 

0™ = 1 arctan f ^r^-mj \ = QQ ^ ^ 



2 \2m s -m d -m u 

calculated for m u = 4MeV, m d = 7MeV and m s = 135 MeV [231130]. 

The values of the current quark masses m u = 4 MeV and m d = 7 MeV and m s = 
135 MeV have been used in the Effective quark model with chiral £7(3) X U (3) symmetry 
for the analysis of strong low-energy interactions [S]. According to [S], the scale of spon- 
taneous breaking of chiral symmetry is equal to A x = 0.94 GeV, that agrees well with 
A x ~lGeV|2S|. 

We would like to emphasize that in QCD the product m q (qq) = m g (/x) (qq) (ji) is an 
observable renormalization group invariant quantity, independent on the renormalization 
scale \i Therefore, the product {m d —m u ) (m(O)m(O)), calculated for the normalization 
scale /i equal the scale of spontaneous breaking of chiral symmetry fi = A x ~ 1 GeV, i.e. 



(m d (n) - m»(ji)) (u(0)u(0))(n) = (m d (A x ) - m u (A x )) («(0)«(0))(A X ) = -(255 MeV) 
is observable. 

Due to the relation Eq. (|4.7jl the r.h.s. of Eq. ([4.4|) can be transcribed into the form 
5 isb _ 6 ISB lmf«- p (0) _ u /^ e iSB\ 1 gj ™ A » -m K -m N \ f( K - p _> SV^fcgo^ 



g ( m s o -m K -m N \f(K~p -> A ^ )! 2 ^^ 
#1 m A? -m K -m N Xm /(f ~ p (0) 



-0.04%. (4.11) 



Hence, the correction, induced by the QCD isospin-breaking interaction, to the width of 
the energy level of the ground state of kaonic hydrogen is negligible in agreement with 
the assertion by Meifiner et al. [3]. 

4.2 Real part of the S— wave amplitude of K~p scattering at 
threshold 

The isospin-breaking correction to He f* p (0) is equal to 



S 



Lsu 6^TZef K ' P (0) l_ 1 A* ( <r 



Tie fo p (0) Tie / A p (0) ^ m K Vm A o - m K - m N 

d 4 p 1 m 
{2n)H m^-o — p 2 m 2 — p 



*™. / ,^_, _„ 2 "1" 2 , (4.12) 



where lief* p (0) = (-0.482 ± 0.034) fm and J^.P. stands for the ^rate part of the 
integral over p. The correction <55 5jB is defined by the contribution of the transition K~p — > 
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A(1405) -> K°n -> A(1405) -> with the K°n pair off-mass shell to fte/ K P (0) R 
(see Eq- dHHD ). 

Expanding the integrand in powers of (m R o — m K - ) and (m„ — m p ) and keeping only 
the leading terms we get 

r , n , d A p 1 m w 2 2 N /" d A p 1 



(2tt) 4 z - p 2 m2 - p2 v-xo (2tt) 4 z (m^ -p 2 ) 2 -p 2 



- 2 (m n - m p ) 



K° 

d A p m 2 N 1 1 fm n — m p m R o — rriK\ 

(2n)H m 2 K — p 2 (m 2 N — p 2 ) 2 Six 2 V mjy tuk ' 



m 2 K m% ^(m 2 N \ 1 f m R0 - m K m\ m n - m p \ m% 



\m" N — m K y \m K / 87r* \ m" N / mr N — m K 

Substituting Eq.flHT3J) into En. (j4~T2"|) we obtain 

5 ISB Kef K - p (0) 1 1 /* / Si 2 



°5 



fte p (0) Tie fo p (0) 64vr 3 m K Vm A o - m K - m N 



u ,., v m R0 -m K \ m K m" N £ n ( m N\ 
m N nix ' (rajy — m 2 K ) 2 \m 2 K ) 



m R o — rriK m? K m n — m p \ m 3 N 



mx rn 2 N m N J m 2 N — m 2 K 



}=0.04%. (4.14) 



The isospin-breaking correction <5| ss = 0.04% is of order 0(a). 

The isospin-breaking corrections, computed in Section 3, can be attributed to ST KN = 
0(a) of Ref. |3]. We have shown that they are negligible small in agreement with the 
assertion by Meifiner et al. 



5 On K°n— cusp enhancement 

In this Section we show how the hypothesis on the dominant role of the ^°n~cusp contri- 
bution to the S-wave amplitude of low-energy K~p scattering can be incorporated in our 
approach. For this aim it suffices to use Eq. (j3.1|) and to determine the amplitude of K~p 
scattering in accordance with Dalitz and Tuan for m R o — rrix ^ and m n —m p ^ fT^ I^Uj. 
Due to the wave functions of kaonic hydrogen in the ground state, the S-wave amplitude 
of K~p scattering in Eq. (J3.1|) can be determined near threshold of K~p scattering as j26| : 



M(K~(q)p(-q,a p ) ^ K~ (k)p(-k, a p )) = %>k (m K + m N ) f«~ p (^kq) } (5.1) 
where f$ p (p) is equal to |T!H I2U]: 



fo p (p) = ; i — ,o.i ; " (S- 2 ) 

„• I tt + fl \ . /„2 _ n 2 _ a Z Q _ „ n 2 _ n 2 n „1 



Here \/ p 2 — q\ is a relative momentum of the K°n pair, tending to iq at p — > 0, i.e. 
\/p 2 ~ Qo -> i <?o at p -> 0. 
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Substituting the S-wave amplitude Eq. (|5.1|) into Eq. (|3.1j) and taking into account that 
due to the wave functions of the ground state of kaonic hydrogen the main contribution 
to the integrand comes from the regions of 3-momenta k ~ and q ~ 1/ob, where 

I/as = 2.4 MeV, the energy level displacement of the ground state of kaonic hydrogen is 
determined by 



— e 



DT 

Is 



+ i 



DT 



Is 



+ i 



J j^y^M }' (5 - 3) 



where f$ p (0) is given by Eq. (j2.4|) . As the integral over k is equal to 



d 3 k 



Vk$ ls (k) 



l*i,(0)|, 



(5.4) 



the r.h.s. of Eq. (j5.3j) reads 



,DT 



2tt 



2a B 



fT P (0) 



1 2 



Following Meifiner et al. jlj and introducing the notation 7} 
we transcribe the r.h.s. of Eq. (j5.5j) into the form 



(o) 

KN 



I^Mo)! 2 . 

4tt (l+m K /m N ) /J 



,DT 



+ i 



r5 



DT 

s 



KN 



2m 



1*1, 



K 



2ixm 



KN i 



K 



(5.5) 

K ~ p (o), 

(5.6) 



where we have used |^i< 



a 3 /I 3 / V and T KN is given by 



KN 



r (0) + i — 

KN t I , 



9 afi 2 



r (o) 

1 KN 



1 2 



47T 2vtlk 

The expression Eq. ()5.7p agrees well with Eq.(17) of Ref. jl] 

,2 



KN 



Tr 



(0) 



KN 



2m 



K 



T, 



(0) 



KN 



5% 



KN- 



(5.7) 



(5i 



The deviation of the second term in Eq. (|5.7|) from that in Eq. (j5.8|) we define as ST KN , 
the relative value of which is equal to 



5Ti 



KN 



T (0) 
KN 



9 



2,^(l--]|rt| = 1.4 



(5.9) 



The smallness of this correction agrees well with the assertion by Meifiner et al. [3]. 

Of course, we understand that STkn, given by Eq. (j5.9|) . does not describe the total 
set of corrections of order 0(a), which have been taken into account by Meifiner et al. jlj. 
However, as has been pointed out by Meifiner et al, these corrections can be neglected in 
comparison with the main contribution defined by the first term in Eq. (j5.8j) . This 
has been also corroborated by our calculations in Section 3. We would like to note that 
finally the second term in Eq. (j5.8|) has been also included by Meifiner et al. into 5Tkn 
(see Eq.(19) of Ref.jl] and [Mj). Hence, it can be dropped in comparison with 7^ as 
well. 
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6 Conclusion 



We have calculated the isospin-breaking corrections and the dispersive corrections to the 
energy level displacement of the ground state of kaonic hydrogen within the quantum 
field theoretic model of low-energy KN interactions developed in El (see also |2H EE] 
and [123 [36 j). The isospin-breaking corrections are caused by the QCD isospin-breaking 
interaction, whereas the dispersive corrections are defined by the contribution of the 
transition K~p — > K°n — > K~p to the S-wave amplitude of K~p scattering with the K°n 
pair on-mass shell. 

As has been shown in [H] the contribution of the electromagnetic reactions K~p — > A°7 
and K~p — > £°7, allowed kinematically at threshold of the K~p pair, to the energy level 
width of the ground state of kaonic hydrogen makes up about 1 %. The correction of these 
reactions to the energy level shift is much less than 1 % JH]. Therefore, in this paper we 
have calculated the isospin-breaking corrections induced by the QCD isospin-breaking 
interaction Eq. (j4.1j) . 

We have got 5^ = (5^ 5B , 5^ B ) = (0.04%, - 0.04%). The contribution to the en- 
ergy level width 5\$ B = —0.04% we have obtained in terms of the corrections to the 
amplitudes of the inelastic channels K~p — > £°7r° and K~p — > A°7r° with the isospin 
breaking transitions S° — > A , A — > S° and 77(550) — > tt°. This is a complete set of the 
QCD isospin-breaking corrections at the tree-hadron level, i.e. to leading order Effective 
Chiral Lagrangians. The correction to the energy level shift = 0.04 % is obtained in 
terms the mass differences (m^o — tuk) and (m n — m p ), which are defined by the electro- 
magnetic and QCD isospin-breaking interactions [23 EH]. It is induced by the transition 
R-p -> A°(1405) -> K°n -> A°(1405) -> K~p with the K°n pair off-mass shell. 

The isospin-breaking corrections 5^ = (5 I S SB ,5$ B ) = (0.04 %,- 0.04 %) are of 
order 0(a). They can be attributed to the S-wave amplitude ST KN = 0(a), intro- 
duced by Meifiner et al. jlj. The smallness of these corrections = (5s SB ,5{y B ) = 
(0.04%, — 0.04%) agrees well with the assertion by Meifiner et al. that the contribution 
of 5Tkn = 0(a) is negligible small relative to the main part of the S-wave amplitude of 
K~p scattering at threshold. 

In addition to the isospin-breaking corrections 5^ B we have computed the dispersive 
corrections to the shift and width of the energy level of the ground state of kaonic hydro- 
gen, induced by the transition K~p — > K°n — > K~p with the K°n pair on-mass shell. 
They are equal to 5g isp = (4.8 ± 0.4) % and 5^ isp = (8.0 ± 1.0) %, respectively. These 
corrections are defined only for the energy level displacement through Eq. (jH.lj) and do not 
exist for the S-wave amplitude of K~p scattering at threshold. Therefore, they have not 
been calculated by Meifiner et al., who have investigated the S-wave amplitude of K~p 
scattering at threshold. Such corrections have not been also calculated in [3]. 

We have also shown that the hypothesis on the dominate role of the A^n-cusp for 
the S-wave amplitude of K~p scattering near threshold can be realized in our approach. 
The energy level displacement of the ground state kaonic hydrogen as well as the S-wave 
amplitude of K~p scattering at threshold are computed in complete agreement with the 
results obtained by Meifiner et al. jl]. 

Hence, our approach to the description of low-energy dynamics of strong low-energy 
KN interactions near threshold together with Eq. ([3.ip agrees well with general description 
of strong low-energy interactions of hadrons within the non-relativistic Effective Field 
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Theory based on ChPT by Gasser and Leutwyler [3J [B] . Nevertheless, we would like to 
emphasize that the hypothesis on the dominate role of the ^°n-cusp is a dynamical one, 
the correctness of which should be confirmed experimentally through the improvement of 
the precision of measurements pp. A theoretical discussion of this hypothesis goes beyond 
scope of this paper. 



6.1 Energy level shift and the oj^(0)— term 

In our approach, taking into account the dispersive corrections Eq. (|3.8j) . the energy level 
displacement of the ground state of kaonic hydrogen is equal to 

r (th) 

- q s + * ~Y~ = (~ 213 ± 15) + i (123 ± 14) eV. (6.1) 

The theoretical value of the energy level width fits well the mean value of the experimental 
data Eq. (jl.lJ) . The discrepancy between the theoretical value of the shift and the mean 
value of the experimental data Eq. ljl.lj) can be improved by taking into account the 
contribution of the (t^~n ^ (O)-term, given by 



fcff - 2 ^ p2 [*$f(0) ~ ^ J ^(p(0 )( r p )|T(J 5 r 5 (x)J 5 V 5 (0))b(0,(7 p ))]. (6.2) 



Here J$ 1,5 (x) are time-components of the axial-vector hadronic currents J^ l5 (x), chang- 
ing strangeness \ AS\ = 1, F& = 113 MeV is the PCAC constant of the i^-meson [5] and 
the (7^ 1) (0)-term is defined by [SZ] 



a 



(i=i) fn \ _m u + m 



knW = — A ~ {p(0,o- p )|ii(0)w(0) +s(0)s(0)b(0,<7 p )), (6.3) 

where u(0) and s(0) are operators of the interpolating fields of u and s current quarks 



The correction Se^J to the shift of the energy level of the ground state of kaonic hydro- 
gen, caused by the r (0), is obtained from the S-wave amplitude of K~p scattering, 
calculated to next-to-leading order in ChPT expansion at the tree-hadron level [35] and 
Current Algebra [HUE! (see also [37]): 



a f-t , m K\ rK-p rn \ m K 1 (1=1) / n \ 

\ m N J t K t K 

rn 



4m nF 



^T~^W* / ( P (0,a p )\T(J^(x)J^(0))\p(0,a p )). (6.4) 



The contribution of the (O)-terrn, — (0)/-F|-, to the S-wave amplitude of K~p 
scattering in Eq. (|6.4j) has a standard structure [37]. 

Since the first term, mx/F^- computed to leading order in chiral expansion, has been 
already taken into account in [3J, the second term, — cr^P (0) /-F#-, and the third one 
define next -to-leading order corrections in chiral expansion to the S-wave amplitude of 
K~p scattering at threshold. 
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According to the DGBTT formula |221 (see also |3]), the contribution of these terms 
to the energy level shift can be obtained multiplying them by the factor — 2a 3 /i 2 (see 
Eq. ()1.2j) ). Hence, the last two terms in Eq. (j6.4|) determine a next-to-leading order cor- 
rection in chiral expansion, which is a correction of order 0(a 3 ) to the shift of the energy 
level of the ground state of kaonic hydrogen. 

Taking into account the contribution Se^J , the total shift of the energy level of the 
ground state of kaonic hydrogen is equal to 

- |^^i|^(p(0, ffp )|T(J 5 V' 5 W4 -' 5 (0))|p(0, ffp )). (6.5) 

The theoretical estimates of the value of cr)^ (0), carried out within ChPT with a dimen- 
sional regularization of divergent integrals, are converged around the number cr^P (0) = 
(200 ± 50) MeV [HI HD|. Hence, the contribution of (^^(O) to the energy level shift 
amounts to 

^ aS 1) (0) = (67±17)eV. (6.6) 



The total contribution to the shift of the energy level of the ground state of kaonic 
hydrogen is given by 

3 3 f 

r ( th ) _ (OQH 4- 9Q\ _ a V mK S / ^ ~ MTV 7-4+i5^ 7 4-i5, 



= (280 ± 23) - ^ * i J d*x (p(0, cr p ) |T( J^W 4T(0))b(0, <r p )). (6.7) 

The theoretical analysis of the second term in Eq. ()6.7|) is required for the correct under- 
standing of the contribution of the crJ^J (O)-term to the shift of the energy level of the 
ground state of kaonic hydrogen. 

Of course, one can solve the inverse problem. Indeed, carrying out a theoretical 
calculation of the term 

' rf '" mK .i [ ^x(p(0,a p )|T(J 5 r 5 (x)J 5 V t5 (0))b(0,a p )) (6.8) 



87[F^m N 

in Eq. (j6.5|) and using the experimental data on the shift of the energy level of the ground 
state of kaonic hydrogen, measured by the DEAR Collaboration Eq. ljl.l)) . one can extract 
the value of the ct^n^ (O)-term. Such a value of the 0"^^ (O)-term should be compared 
with the theoretical predictions, obtained within the EFT approach based on ChPT by 
Gasser and Leutwyler. We are planning to perform this analysis in our forthcoming 
publication. 
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Appendix. Calculation of momentum integrals 

In this Appendix we calculate the momentum integrals Eq. ([3.7|) . defining the dispersive 
corrections to the energy level displacement of the ground state of kaonic hydrogen, caused 
by the transition K~p — > K°n —>■ K~p with the K°n pair on-mass shell. 

For the analysis of the correction 5ef s n to the energy level shift we have to calculate 
the double momentum integral, which we denote as fs(qa)' 



fs(qo) 




dk dq k 2 $i s (/c) q 2 $i s (g) 



go J go 



1 + 



QjQ ~\~ QjQ ^ 



) (q 2 -qt) 



(A.l) 



We have to expand fs{qo) i n powers of go and to keep only the first non-vanishing term 
dependent on g , since the contribution of /s(0) has been already taken into account in 
[3]. The integral over k is equal to 



dkk 2 $ ls (k) =4vr 



arc-1 an ( — ) 

x 



1 + x 2 



1*1,(0)1, 



(A.2) 



where xq = qo^B and | \I/ 1 . 



na 



The result of the calculation of the integral over q reads 

dqq 2 $i s (q) f 1 + A 2 - \ 2 x 2 Q 



< + <\ 2 



4ir 



(q 2 ~ ql) 

2Ay / T^A 2 

^ 1 - A 2 - \ 2 x 2 l + x 2 ~ (1 - A 2 - A 2 x 2 ) 2 
where we have denoted 



(1 - A 2 - \ 2 xl) 2 



arctan 



1 

x 



1 



X 



• ' n 



arctan 



Xxq 



2 ,y» 2 



A 



a o + a l 



2a B 



0(a) 



Xx 



go 



0{y/a). 



(A.3) 



(A.4) 



The function fs(qo) is defined by the product of the expressions given by Eqs.(A.2) and 
(A.3). Expanding the function fs(qo) in powers of g we get 



/s(go) = /s(0)+47r 4 



% 2 !* 



Is 



+ ... . 



(A.5) 



For the calculation of the contribution to the shift Sefs n we have to use only the term 
proportional to q 2 ,. 

The correction ST^ S to the energy level width, caused by the transition K~p — > K°n — > 
K~p with the K°n pair on-mass shell, is defined by the double momentum integral, which 
we denote as 



fw(qo) 




dkdqk 2 $ ls (k) q 2 V ' q 2 - gf$i s (g) 



<?o J go 



1 + 



a o + a o x 2 



(A.6) 



(q 2 ~ ql) 



Since the integral over k is given by Eq.(A.2), we have to calculate the integral over q. 
The calculation runs as follows 
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dqq 2 Jq 2 



2 4 
% a B 



(i + «k 2 ) 2 ( 



1 + 



(g 2 - % 2 )) 



1 d 

2 da 



dxx 2 \/ x 2 — 



x 







Xo (a 2 + x 2 )(l + A 2 (x 2 -x 2 ))J a=1 
d.r 



a 2 + x 2 



+ 



1 - \ 2 x 2 



\ 2 a 2 



\ 2 r 2 , 



1 d 

2 da 

dx 



1 - A 2 a 2 



A 2 x 2 



1 + A 2 (x 2 -x 2 ) 



a=l 



Then, we make a change of variables x = Xq cosh<£>. This gives 



dqq 2 Vv 2 ~ <?o 



2 « 4 



'/II 



2 „2\2 



(1 + a fl g : 



1 aA" 



A 2 x 2 



2(1 -A 2 



A 2 x 2 ) 2 



in 



1 + 
1 + 



CLq ~~\~ CLq \ ^ 



1 - A 2 x^ 



1 2 + (l-A 2 



i- Vi-a^ 2 ; 



(I 2 - «„ 2 )) 



2 1-A 2 



A 2 x 2 



in 



1 + x 2 + 1 



4 (i_A 2 -A 2 x 2 ) 2 v^T^ 
To leading order in go~expansion the integral over q reads 



(A.7) 



(A.8) 



dq q 2 \/q 2 -ql a% 



'qo 



(l+a 2 B q 2 ) 2 (l + (^±^)\q 2 -q 2 ) 



3 
2 



1 + 2A 2 + -\ 2 xl)in 



+ 



(A.9) 



Hence, the double momentum integral /W(?o)> calculated to leading order in g ~expansion, 
is equal to 



fw(qo) 



16tt 3 
a B 



in 



2a B 



| Q/q H~ CIq I 



I* 



Is 



(A.10) 



The function /jy(?o), given by Eq.(A.lO), defines the correction 5T^° n to the width of 
the energy level of the ground state of kaonic hydrogen Eq. (j3.7j) . caused by the transition 
K~p — > K°n — > with the i\~°n pair on-mass shell. 
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